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Abstract
Linearization method and series rearrangement are employed to review the transformations of Kummer-type for the generalized
hypergeometric 2F2-series due to Exton [On the reducibility of the Kampé de Fériet function, J. Comput. Appl. Math. 83 (1997)
119], Miller [On a Kummer-type transformation for the generalized hypergeometric function 2F2, J. Comput. Appl. Math. 157(2003) 507] and Paris [A Kummer-type transformation for a 2F2 hypergeometric function, J. Comput.Appl. Math. 173 (2005) 379].
Several new transformation formulae as well as their q-analogues for the same 2F2-series are also established.
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For an indeterminate x, deﬁne the shifted-factorial by
(x)0 ≡ 1 and (x)n = (x + n)/(x) = x(x + 1) · · · (x + n − 1), n = 1, 2, . . . ,




ux−1e−u du with R(x)> 0.
The fractional forms of the shifted factorials and the -function are abbreviated, respectively, as[
, , . . . , 
A, B, . . . , C
]
n
= ()n()n · · · ()n
(A)n(B)n · · · (C)n ,

[
, , . . . , 
A, B, . . . , C
]
= ()() · · ·()
(A)(B) · · ·(C) .
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According to Bailey [2] and Slater [9], the generalized hypergeometric series is deﬁned by
1+rFs
[
a0, a1, . . . , ar







a0, a1, . . . , ar




Applying the integral representation for hypergeometric 2F2-series and an addition theorem for conﬂuent function















b − a, d




This result extends the following transformation of Kummer-type for 2F2-series:
2F2
[






b − a − 1, 2 + a − b




derived by Exton [4] from a reduction formula of the Kampé de Fériet function. Miller [7] pointed out that (2) follows














The purpose of this short paper is to present new proofs of transformation formulae (1) and (2) by means of lineariza-
tion method and series rearrangement. Several new transformations of Kummer-type for 2F2-series as well as the
corresponding q-analogues will be derived.
1. Linearization method
For
= 1 + c − b
c(1 + a − b) and =
a − c




= (a + n) + (b + n − 1)
in the expression for the 2F2-series, we can reformulate the 2F2-series as the sum of two 1F1-series. Then applying
(3), we can proceed as follows:
2F2
[
























+ (b − 1)1F1
[









(b − a − 1)n
(b)n
{
1 + n(a − c)
c(1 + a − b)
}
.
In terms of hypergeometric series, the last relation reads as
2F2
[














This transformation contains the following special cases.
• For c = a/2, we recover the transformation (2).
• For c → ∞, it becomes Kummer’s ﬁrst transformation (3).
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b − a − 1, a + b




The transformation displayed in (4) can be generalized further. In fact, recalling Pfaff–Saalschütz formula
(cf. [2, Section 2.2]), we have
(c + m)n
(c)n




c − a, b + n − m




[ −m, a + n, b − c − m




Substituting it into 2F2(x) and then exchanging the summation order, we get
2F2
[






c − a, 1 − b





[−m, a, b − c − m










Applying (3) again, we obtain the following transformation formula:
2F2
[






c − a, 1 − b







[−m, a, b − c − m





b − a − m




When m = 1, this relation reduces to (4).
2. Series rearrangement






= (b − a)n
(b)n
(7)
we can derive further transformations of Kummer-type for 2F2-series.










































































We remark that this relation can also be derived by expressing 2F2(x) as an integral of 1F1(x) (cf. [1, Section 2.2]).
The interested reader can do it as an exercise.
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By exchanging the summation order, we recover the transformation relation (1). Letting d = c + m in (8) and (1),
we get, respectively, the following two ﬁnite transformation formulae:
2F2
[






































b − a, c + m




where the last result has previously appeared in Paris [8].















[ −n, a, c − d




Lettingd=c and c+1,we recover, after some trivial simpliﬁcation,Kummer’s ﬁrst transformation (3) and transformation
(4), respectively.
TheChu–Vandermonde convolution formula displayed in (7) is the terminating formof theGauss summation theorem
(cf. [2, Section 1.3])
2F1
[
b − a, c − a













































b − a, c − a










b − a, c − a



























b − a, c − a





b + c − a − d + k



















b − c − m, −m





b − a − m + k




Lettingm=1 further in the last relation and simplifying the result, we obtain again the transformation formula displayed
in (4).
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3. The q-analogues
Most of classical hypergeometric series results admit their counterparts in q-series, whose usefulness has beenwidely
recognized in statistical mechanics [3, Chapter 14] and quantum calculus (cf. [6]).
The remainder of the paper will be devoted to the q-analogues of transformation formulae for 2F2-series obtained
in this paper, which may ﬁnd applications in mathematical physics and computer science.
First, we have to introduce brieﬂy the q-series notations. With two indeterminate q and x, the q-shifted factorial is
deﬁned by
(x; q)0 = 1 and (x; q)n =
n−1∏
k=0
(1 − xqk) for n = 1, 2, . . . .




a0, a1, . . . , ar








a0, a1, . . . , ar





where the base q will be restricted to |q|< 1 for nonterminating q-series.























































































































Exchanging the summation order, we derive the q-analogue of transformation (1) after having relabeled parameters
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1 + (c − a)(1 − q
n)
(1 − c)(1 − qa/b)
}
. (20)









we can analogously establish the following transformation formulae. The details will not be produced due to space
limitation.














• q-analogue of transformation (8) dual to (16):
32























• q-analogue of transformation (1) dual to (17):
32


















• q-analogues of (9a) and (9b), respectively, dual to (18a) and (18b):
32
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• q-analogue of transformation (10) dual to (19):
32




















• q-analogue of transformation (4) dual to (20):
32














1 + {(1 − a)qc/b − (1 − c)}(1 − q
n)




[1] G.E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, Cambridge, 2000.
[2] W.N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge, 1935.
[3] R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, NewYork, 1982.
[4] H. Exton, On the reducibility of the Kampé de Fériet function, J. Comput. Appl. Math. 83 (1997) 119.
[5] G. Gasper, M. Rahman, Basic Hypergeometric Series, second ed., Cambridge University Press, Cambridge, 2004.
[6] V. Kac, P. Cheung, Quantum Calculus, Springer, NewYork, 2002.
[7] A.R. Miller, On a Kummer-type transformation for the generalized hypergeometric function 2F2, J. Comput. Appl. Math. 157 (2003) 507.
[8] R.B. Paris, A Kummer-type transformation for a 2F2 hypergeometric function, J. Comput. Appl. Math. 173 (2005) 379.
[9] L.J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cambridge, 1966.
